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A theoretical model of diffusion and reaction in an anisotropic enzyme membrane is
presented with particular emphasis on the application of such membranes in enzyme
electrodes. The dynamic response of systems in which the kinetics are linear, which
comprises the practical operating regime for enzyme electrodes in analysis, is investi-
gated via an analytic solution of the governing differential equations. The response is
presented as a function of a single dimensionless group, w, that is the membrane
modulus.

Index Entries: Anisotropic membrane electrodes, theoretical model for; mem-
brane electrode, theoretical model for; electrode, theoretical model for; enzyme elec-
trode, theoretical model for.

Introduction

The immobilization of enzymes in a membrane structure that is coupled to an elec-
trochemical sensor has led to the development of a variety of so-called enzyme
electrodes (/-3). In most instances, the enzyme is distributed uniformly through-
out the membrane support (4-8) and catalyzes the reaction of the analyte (sub-
strate) material as the analyte diffuses through the membrane. Detection of any
electroactive species takes place on the membrane face that is not exposed to the
bulk solution by suitable potentiometric or amperometric methods (3). Modifica-
tions on this basic idea, such as introducing *‘air gaps,’’ or immobilizing a number
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of enzymes together that are each responsible for catalyzing an individual step in an
overall reaction scheme, makes the technique extremely versatile and flexible.

Recently, Thévenot et al. (9) and Coulet et al. (/0) have developed enzyme
electrodes that have an enzyme immobilized as a surface layer on a highly poly-
merized collagen film. In particular, immobilized glucose oxidase was employed
for the conversion of glucose (analyte) to hydrogen peroxide that was subsequently
detected by a platinum electrode. The system provides a sensitive and stable assay
for glucose (/1) as well as a simple method for the investigation of the interplay of
reaction and diffusion in a heterogeneous enzyme system (10, 12-14).

In this report, a theoretical model is developed to predict the dynamic response
of anisotropic enzyme membranes that have catalyst immobilized at one of the
faces of a thin membrane or inert film. The kinetics are restricted to linear reaction
rate expressions, and the dynamics are thereby completely characterized by a
single dimensionless group that is a Damkoehler number.

Theory

The physical model and coordinate system for an anisotropic enzymic membrane
are shown in Fig. 1. Reactant diffusing through the supporting membrane from the
bulk solution is converted by an interfacial enzymatic reaction to a product that is
subsequently detected by an appropriate sensor. For example, an amperometric
peroxide-sensing electrode can be used to detect H,O, formed from the glucose
oxidase-catalyzed reaction involving glucose and oxygen (9). The local reactant
concentration at the catalyst surface is low so that the reaction kinetics are ade-
quately described by a first-order rate law. This latter assumption assures that the
electrode response is proportional to the analyte concentration in the absence of
nonlinearities in the transport phenomena, consistent with what is usually observed
and desired in practice.

The governing dimensionless equation describing reactant transport within the
membrane is

aC 3 C
& ar (1
where the dimensionless time £ and penetration { variables are defined as
& = Did® (2a)
{ = x/3d (2b)

The membrane thickness is 8 and D is the diffusion coefficient. Equation (1) is
used with the boundary and initial conditions

c=1 £>0 {=0 (3a)
0C _ _uc £>0 (=1 (3b)
9
C=0 E=0 O0=({=<I (3c)
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Fig. 1. Schematic description of an anisotropic enzyme electrode. The membrane (ex-
aggerated) has active enzyme deposited as a surface layer at the electrode sensor interface.
The product flux is the result of the reaction involving analyte diffusing through the mem-
brane.

where a reaction modulus w that is a Damkoehler number has been introduced and
is defined as
_ k73

b 4)
The surface rate constant k'’ is related to the ‘‘surface concentration’’ of the immo-
bilized enzyme [E'’], the ‘‘turnover number’’ k., and the intrinsic Michaelis
constant for the immobilized enzyme K, simply as k" = K"/, [E"" /K.
The solution to Eqs. (1)-(3) is expressed in terms of a ‘‘stationary’’ solution C({)
that depends only on the penetration distance and a ‘‘developing’” solution Cq4(§,
{) where

W

CE, 0 =G + Cu(&, O &)
Using standard techniques, the following expressions can be obtained,
GO =1 — mul (6a)

where n = (1 + )~ ! and

_ < sin AL 2
Cull, D =2 2 e ep(-M D) (6b)
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The A, are found as the roots of A, = — tan \,,. Also, of practical interest is the
“‘downstream’’ product flux m(§) = nC(§, 1) that is assumed to be a direct
measure of the sensor response; i.e., amperometric detection is used. An inte-
grated product flux, m(§), defined as

m(E) = wf§C(E', d¢’ (7)

is related to the dimensionless ‘‘time lag’’ of the electrode §,, by the expression
mg(
glag = _—d'—)

s 8

From the solution, the time lag can be evaluated as

e o] .
sin A
.= 21+ "
St W nzl A2 (N, — cos A, sin \,) ©)

However, it was found from numerically evaluating the sum in Eq. (9) that the fol-
lowing approximate relationship holds with a high degree of accuracy

34+

glag = m

(10)

Results and Discussion

The analytical solution given by Eqgs. (6a) and (6b) was used to investigate the dy-
namic response of the membrane system for a step change in the bulk substrate con-
centration. The response corresponds to the use of an enzyme electrode for the
measurement of an analyte concentration by immersing the electrode in a solution
that is well mixed with the analayte. The accumulation of analyte in the membrane
is depicted in Fig. 2, where a normalized average concentration 3 is plotted as a
function of the dimensionless response time £. The variable 3 is defined as

B® = J4C(&, DdL/f oCS(D)dL (1)

and will, in general, have values between zero and unity. For large values of the
modulus, w, the stationary concentration is obtained at £ values close to 0.5. Much
longer times are required to reach the stationary solution, however, when the mod-
ulus is small. Since the modulus represents the relative ratio of diffusion and reac-
tion times, the former situation corresponds closely to the so-called diffusion-
controlled response of the system, whereas the latter situation is usually referred to
as a reaction-controlled response (75).

The response times for the membrane may also be interpreted by means of the
expression for the time-lag. From Eq. (10), it is apparent that as w increases, the
time-lag approaches the minimum value §,, = 1/6 that is predicted for a purely
diffusion-controlled response (/6). As w decreases, the time-lag increases to
values approach £,, = 1/2 in contradistinction to what has been observed for iso-
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Fig. 2. Normalized average concentration of the analyte in the membrane as a function
of dimensionless time £ with the modulus w as a parameter. The steady-state average con-
centration corresponds to § = 1.

tropic membrane reactors (/7). The signal will also, of course, be much weaker on
an absolute scale (e.g., milliamps) as the modulus decreases.

The predicted electrode response is shown in Figs. 3 and 4 as a function of the
modulus w. The values in Fig. 3 show the dimensionless product flux, from Eq.
(3b), normalized to the steady state value, n. In practice, the sensor output read-
ing is followed until the steady state value is obtained. At that time, the electrode
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Fig. 3. Electrode response as a function of the dimensionless time § with the modulus
. as a parameter. The direct response method is depicted for amperometric detection.

response is calibrated with the analyte concentration. As seen in Fig. 3, however,
for low enzyme loadings, the time to reach a steady state value may be extremely
large. Rather, it is more expeditious to follow the derivative of the sensor response
and make use of the sensor reading at the peak value of the derivative; i.e., at the
inflection point of the original response curve. The predicted values obtained by
this derivative method are shown in Fig. 4 for the corresponding curves of Fig. 3.
All the curves have been normalized to the maximum response value. The time re-
quired to carry out a single analysis is considerably reduced, at least fivefold. Fur-
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Fig. 4. Electrode response measured by the derivative method as a function of the di-
mensionless time £ with the modulus w as a parameter. The curves correspond to the deriv-
ative function of the corresponding curves in Fig. 3 when normalized to the peak derivative
value.

thermore, from the location of the peak heights, it is also seen in Fig. 4 that the time
necessary to reach the response signal recording value is less sensitive to the values
of the modulus, relative to what is observed in Fig. 3. This implies that the deriva-
tive method is not only a more rapid procedure for carrying out assays with enzyme
electrodes than the direct response method, but is also less sensitive to loss of en-
zyme activity as regards the assay time.
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The derivative response method has been exploited recently in connection with
an anisotropic membrane for a glucose sensing electrode (9, /0). The experimental
data obtained are in qualitative agreement with the curves shown as Figs. 3 and 4.
For example, membranes 0.3 mm thick with an analyte diffusion coefficient given
as 2(107°) cm?/s would be expected to have a dynamic response time between 30
and 50 s, according to Fig. 4. This corresponds to the experimental values reported
by Thévenot et al. (9).

Conclusion

The analysis presented here details the operation of anisotropic enzyme electrodes
when the reaction kinetics can be described by the simple linear relationship given
in Eq. (3b). Enzyme systems that deviate from this type of rate law, either because
of product inhibition phenomena or because the analyte concentration in the vicin-
ity of the enzyme is not sufficiently low to create an effectively first-order regime,
are not amenable to our simple analytical treatment. However, such systems will
also not find wide applicability as enzyme electrodes because the resulting sensor
response will not be proportional to the analyte concentration, i.e., the calibration
curves will not be linear. Furthermore, the boundary condition given in Eq. (3¢) re-
stricts the model results to systems that operate with the membrane initially
“‘analyte free.”’

In view of the recent successful use of anisotropic enzyme electrodes for glucose
detection (9, 10), the model may be of value in optimizing the electrode perform-
ance as well as for the design of other electrode systems employing amperometric
detection. Furthermore, the theoretical results are of interest to other researchers
working on model membrane systems where heterogeneous enzymic reactions
take place.
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